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Abstract
A nonrelativistic particle on a circle and subject to a cos−2(kϕ) potential is related to the two-dimensional
(dihedral) Coxeter system I2(k), for k ∈ N. For such ‘dihedral systems’ we construct the action-angle variables and
establish a local equivalence with a free particle on the circle. We perform the quantization of these systems in the
action-angle variables and discuss the supersymmetric extension of this procedure. By allowing radial motion one
obtains related two-dimensional systems, including A2, BC2 and G2 three-particle rational Calogero models on R,
which we also analyze.
1 Introduction
One of the most important theorems in the theory of integrable systems is the Liouville theorem [1]. It investigates
n-dimensional systems which have n mutually commuting constants of motion F1≡H, . . . , Fn: {Fi, Fj} = 0 with
i, j = 1, . . . n. Besides establishing of the classical integrability of such a system, the theorem states that if the level
surface Mf = ((pi, qi) : Fi = const) is a compact and connected manifold, then it is diffeomorphic to the n-dimensional
torus T n. The natural coordinates Φi parameterizing this torus obey free equations of motion. Together with their
conjugate momenta Ii, they fully parameterize the phase space and are called “action-angle” variables. These momenta
are conserved and only depend on the constants of motion, i.e. Ii = Ii(F ). Hence, we may perform a canonical
transformation (pi, qj) 7→ (Ii,Φj) to the new variables, in which the Hamiltonian H depends only on the (constant)
action variables Ii. Consequently, the equation of motion reads
dIi
dt
= 0,
dΦi
dt
=
∂H(I)
∂Ii
=: ωi(I), {Ii,Φj} = δij , Φi ∈ [0, 2pi), Ii ∈ R+. (1)
The formulation of an integrable system in these variables gives us a comprehensive geometric description of its dynamics
and is a useful tool for developing perturbation theory [1, 2]. For these reasons, action-angle variables have been widely
exploited in celestial mechanics since the 19th century and play a central role in the Bohr-Sommerfeld semiclassical
quantization. Furthermore, their use gives us a criterion for the (non)equivalence of two integrable systems, since the
latter are characterized by two data:
– the functional dependence H(Ii),
– the domain of the action variables, Ii ∈ [β−i , β+i ].
During the last half-century, numerous new finite-dimensional integrable systems with a rich mathematical structure
have been discovered. Some examples are the (pseudo)spherical generalizations of the Kepler system [3] and of the
oscillator [4] as well as Calogero-type multi-particle systems [5], which may be coupled to monopoles or instantons.
Yet, to our knowledge, explicit expressions for their action-angle variables are absent in the literature, even for those
systems which admit a separation of (spatial) variables.
In this Note we construct the action-angle variables for the dihedral systems on a circle, which are defined by the
Hamiltonian
H(p, q) = I(pϕ, ϕ|k) = 12p2ϕ + Vk(ϕ), (2)
with canonical variables {pϕ, ϕ} = 1 and the potential
Vk(ϕ) =
k−1∑
ℓ=0
1
(aℓ · n)2 where n =
(
cosϕ
sinϕ
)
(3)
and aℓ are the positive roots of a two-dimensional Coxeter system I2(k) called dihedral system. The full set of roots
forms a regular star shape with an angular separation of pi/k. Since the dihedral symmetry (discrete planar rotations
and reflections) relates the root lengths as |aℓ|2 = |aℓ+2|2, for odd k all roots have the same length, say α0, while for
even k we may put |aeven| = α1 and |aodd| = α2. Clearly, we have to distinguish between k being even or odd. As aℓ·n
is proportional to cos(ϕ− ℓπ
k
), the finite sums can be performed by consulting a handbook [6] to obtain
Vk(ϕ) =
k2α20
2 cos2 kϕ
for k = 2k′+1, (4)
Vk(ϕ) =
(k′α1)2
2 cos2 k′ϕ
+
(k′α2)2
2 sin2 k′ϕ
for k = 2k′, (5)
with k′ ∈ N. Hence, the odd systems feature one coupling (α0), while the even ones allow for two (α1, α2), all naturally
positive. For α1=α2, the even potential attains the same form as the odd one. Due to the singularities at ϕ =
π
2
mod pi for odd k and at ϕ = 0 mod pi for even k, the configuration space decomposes into 2k disjoint pieces, which are
equivalent since related via translation by ∆ϕ = π
k
. We shall restrict ourselves to just one of them.
Formulating these systems in terms of action-angle-variables, we shall find that both types are locally equivalent to
the free particle on the circle. Besides, we establish a global equivalence between systems (4) and (5) for α0 = α1 + α2
and 2kodd = keven. We shall demonstrate that, after restricting to one of the 2k branches, these systems are equivalently
quantized in their action-angle variables or initial coordinates. We shall also present a supersymmetrization of the action-
angle variable scheme for the dihedral systems and its relation to the supergeneralization of the Liouville theorem.
Finally, we shall shall enlarge the configuration space to R2 by adding a radial degree of freedom to the circular
motion. The ensueing two-dimensional systems represent three-particle rational Calogero models after separation of
their center-of-mass motion. For small values of k, the Coxeter roots belong to a rank-two Lie algebra G, which labels
the corresponding Calogero model [7]:
k 2 3 4 6
G D2 = A1⊕A1 A2 BC2 G2 (6)
In particular, this shall allow us to prove the global equivalence of the A2 and G2 rational Calogero models and their
local equivalence to a free particle in the plane.
2 Action-angle variables
In this Section we construct the action-angle variables for the systems defined by the potentials (4) and (5). We follow
the general prescription given in [1]. Being one-dimensional, our systems feature the Hamiltonian as their single constant
of motion. To construct the action variable, we should fix the level surface of the Hamiltonian, H(pϕ, ϕ) = I(I) = h,
and introduce the generating function S(h, ϕ) for the canonical transformation (pϕ, ϕ) 7→ (I,Φ) via
S(h, ϕ) =
∫ ϕ
ϕ0
pϕ(h, ϕ
′) dϕ′ =
∫ ϕ
ϕ0
√
2(h− Vk(ϕ′)) dϕ′. (7)
The full period integral yields the action variable,
I(h) =
1
2pi
∫
✄
✂
 
✁pϕ(h, ϕ
′) dϕ′ =
1
2pi
∫
✄
✂
 
✁
√
2(h− Vk(ϕ′)) dϕ′, (8)
while the angular variable Φ arises from
Φ(h, ϕ) =
∂S
∂I
=
dh
dI
∂S
∂h
= 2pi
∫ ϕ
ϕ0
dϕ′√
2(h− Vk(ϕ′))
/ ∫
✄
✂
 
✁
dϕ′√
2(h− Vk(ϕ′))
. (9)
The parity of parameter k does not play any role in our derivation.1 Surely, in the limit α2 → 0 the system (5) looks
like system (4). In our construction, however, it is essential to keep both α1 and α2 non-vanishing. For this reason we
shall derive the action-angle variables of the even and odd systems separately.
1 Formally, k need not even be an integer. In such a case, however, the system lives on the infinite cover R of the circle.
2
Systems with odd k
We concentrate on the range ϕ ∈ [− π2k , π2k ] for the configuration variable. Inserting (4) into (8), we obtain
I =
√
2
pi
∫ ϕ+
ϕ−
dϕ′
√
h− k
2α20
2 cos2 kϕ′
, (10)
where the reflection points ϕ±(h) follow from
2h cos2 kϕ± = k
2α20. (11)
Calculating the definite integral (10), we find
I =
1
k
√
2h− α0 ⇒ I = k
2
2
(I + α0)
2 (12)
and thus get
dh
dI
= k2(I + α0) = k
√
2h. (13)
At the potential mimimum (ϕ=0), we have I = 0 but h = hmin =
1
2k
2α20. To compute the angular variable Φ we employ
(9) with ϕ0=0 and get
Φ =
dh
dI
1
k
√
2h
∫ x(ϕ)
0
dx′√
1− x′2
= arcsinx(ϕ) where x(ϕ) :=
√
2h√
2h− k2α20
sinkϕ. (14)
Hence, the canonical transformation to the action-angle variables looks as follows,
(pϕ, ϕ) 7→
(
I = 1
k
√
2I(pϕ, ϕ)− α0 , Φ = arcsin
{ √
2I(pϕ,ϕ)√
2I(pϕ,ϕ)−k2α20
sin kϕ
})
, (15)
where I(pϕ, ϕ) is given by (2) and (4). When the particle makes one cycle (the variable x runs from −1 to 1 and back),
the variable Φ advances by 2pi as expected. In these variables the Hamiltonian is given by the second expression in (12).
For completeness, the inverse transformation (I,Φ) 7→ (pφ, φ) reads
ϕ =
1
k
arcsin
{√
I2+2Iα0
I+α0
sinΦ
}
, pϕ = k(I+α0)
√
I2+2Iα0
(I+α0)2+(α0 tan Φ)2
. (16)
Performing the trivial canonical transformation (I,Φ) 7→ (I˜ = I+α0,Φ), we get
I = k
2
2
I˜2 with {I˜ ,Φ} = 1, where Φ ∈ [0, 2pi) and I˜ ∈ [α0,∞). (17)
This system can be interpreted as a free particle particle of mass k2 moving on a circle with unit radius. Equivalently, it
describes a free particle of unit mass moving on a circle with radius 1/k. However, we can speak about local equivalence
only, since the above redefinition changes the domain of the action variable from [0,∞) to [α0,∞)!
Systems with even k
For the case (5), i.e. k = 2k′, we select ϕ ∈ [0, π
k
]. The action variable is now slightly harder to compute,
I(h) =
√
2
pi
∫ ϕ+
ϕ−
dϕ′
√
h− k
′2α21
2 cos2 k′ϕ′
− k
′2α22
2 sin2 k′ϕ′
=
√
2ha2
kpi
1∫
−1
√
1− x2 dx
1− (ax+ b)2 , (18)
where
a =
√
1− k
′2(α21 + α
2
2)
h
+
k′4(α21 − α22)2
4h2
, b =
k′2(α22 − α21)
2h
, x =
1
a
[
cos 2k′ϕ′ − b], (19)
3
and the turning points ϕ±(h) derive from
2h sin k′ϕ± cos k
′ϕ± = k
′2(α21 tank
′ϕ± + α
2
2 cotk
′ϕ±) with α1, α2 > 0. (20)
The last integral in (18) can be calculated by standard methods (see Appendix) [8]:
1∫
−1
√
1− x2 dx
1− (ax+ b)2 =
pi
2a2
(
2−
√
(b − 1)2 − a2 −
√
(b+ 1)2 − a2
)
, (21)
thus,
I =
1
k′
√
2h− (α1 + α2) ⇒ I = k
′2
2
(
I + (α1 + α2)
)2
. (22)
Similarly, the angular variable becomes
Φ = 12 arcsin
{
1
a
[
cos 2k′ϕ+ b
]}
, (23)
where a and b are defined by the expressions (19), and h should be replaced by I(pϕ, ϕ). In these variables the
Hamiltonian is displayed by the second expression in (22). The inverse transformations (I,Φ) 7→ (pϕ, ϕ) looks as
follows,
φ =
1
2k′
arccos
{
a sin 2Φ− b
}
, pϕ = k
′
√
(I + α1 + α2)2 − 2α
2
1
1+b+a sin 2Φ − 2α
2
2
1+b−a sin 2Φ , (24)
where the quantities a and b take the form
a =
√[
1− ( α1+α2
I+α1+α2
)2][
1− ( α1−α2
I+α1+α2
)2]
, b =
k′2(α22−α21)
(I+α1+α2)2
. (25)
Similar to the odd case, we perform a trivial canonical transformation (I,Φ) 7→ (I˜ = I+α1+α2,Φ) and arrive at
I = k
′2
2
I˜2 with {I˜,Φ} = 1, where Φ ∈ [0, 2pi) and I˜ ∈ [α1+α2,∞). (26)
So, also the even system (5) is locally equivalent to a free particle of mass k′2 moving on the circle with unit radius (or
a free particle of unit mass moving on the circle with radius 1/k′). Like in the odd case, the equivalence is not global,
since the above shift of the action variable changes its range from [0,∞) to [α1+α2,∞).
Comparing the results (17) and (26), obtained by a canonical transformation from (4) and (5), respectively, we
conclude that they differ in the “mass” of the (locally equivalent) free particle as well as in the domain of the momentum
(action) variable. Thus, in general, all systems can be distinguished globally. Interestingly, however, any odd system
(kodd;α0) matches globally to a one-parameter family system of even systems (keven;α1, α2) by the equivalence
(kodd;α0) ∼ (2kodd;β, α0−β) with 0 < β < α0. (27)
Quantization
In the action-angle variables (I,Φ) derived above it is quite simple to quantize the dihedral systems (4) and (5) a` la
Bohr-Sommerfeld:
I 7→ Î = ~
ı
∂
∂Φ
, Ψn =
1√
2π
eınΦ for n ∈ Z ⇒ Î Ψn(Φ) = n~Ψn. (28)
The energy spectra of the Hamiltonians (12) and (22) then read, respectively,
En(k odd) =
1
2k
2(n~+ α0)
2 and En(k even) =
1
8k
2(n~+ α1+α2)
2. (29)
This agrees with the literature [9, 10, 11, 12], where the Schro¨dinger equation for our potential (4) or (5) is known as the
(first) Po¨schl-Teller equation, whose (normalizable) solutions are given in terms of trigonometric and hypergeometric
functions. Quantization in (I,Φ) variables gives rise to subtleties, however, due to singular behavior at I=0 [13].
4
3 Supersymmetric extension
The supergeometric generalization of the Liouville theorem has been known for many years [14]. For our context of
one-dimensional supersymmetric mechanics, we follow here the construction of action-angle (super)variables as pre-
sented in [15]. Let us have N=2M one-dimensional supersymmetric mechanics defined on a (2|2M)-dimensional phase
superspace, coordinatized by (pϕ, ϕ|θα, θβ). The supersymmetry algebra reads
{Qα, Qβ} = 2δαβHs and {Qα, Hs} = {Qβ , Hs} = 0 = {Qα, Qβ} = {Qα, Qβ} with α, β = 1, . . . ,M. (30)
Here, the Hamiltonian Hs differs from the previous H by nilpotent terms. Fixing the level super-surface, Hs = hs,
Qα = qα and Q
α
= qα, we arrive at a (1|0)-dimensional circle in the phase superspace. On this circle, one defines bosonic
action-angle variables (Φs, I˜s), analogous to the non-supersymmetric case, as well as fermionic ones, Θ
α = Qα/
√
2hs,
with the following non-zero Poisson brackets 2
{Φs, I˜s} = 1 and {Θα,Θβ} = δαβ . (31)
In these variables, the Hamiltonian does not depend on Θα or Θ
α
, hence Hs = Is(I˜s) just like previously. Nevertheless,
the canonical transformation from the initial to the action-angle supervariables does mix bosonic and fermionic degrees
of freedom.
Let us demonstrate the procedure for the simplest case of N=2, given by the classical counterpart of Witten’s model
of supersymmetric mechanics [16]. It is defined by
Hs =
1
2
(
p2ϕ +W
′2(ϕ)
)
+ ıθθW ′′(ϕ) and Q = θ
(
pϕ + ıW
′(ϕ)
)
, Q = θ
(
pϕ − ıW ′(ϕ)
)
, (32)
with a chosen superpotential function W (ϕ). These functions obey the superalgebra (30) with M=1, by virtue of
{pϕ, ϕ} = 1 and {θ, θ} = 1. (33)
Quantization replaces θ and θ by the Pauli matrices σ+ =
1
2 (σ1+ ıσ2) and σ− =
1
2 (σ1− ıσ2), respectively, and ıθθ
goes to σ3. In this way we arrive at one-dimensional N=2 supersymmetric quantum mechanics of a spinning particle
interacting with an external field. However, when passing to action-angle variables it turns out that there is no spin
interaction, and the supersymmetric extension is rather trivial. On the other hand, Witten’s model is quite special: its
supercharges allow no momentum dependence in the nilpotent part of the Hamiltonian. For a more interesting system
related to our potentials (4) and (5), let us choose a more flexible form of the supercharges, namely
Q = θ k˜I˜ eıλ(I˜,Φ) =
√
2hsΘ and Q = θ k˜I˜ e
−ıλ(I˜ ,Φ) =
√
2hsΘ, (34)
where we defined k˜ := k for k odd and k˜ := k/2 = k′ for k even, and λ(I˜ ,Φ) is an arbitrary real function of the
action-angle variables of the underlying bosonic system. By expressing (I˜ ,Φ) through (pϕ, ϕ), the supercharges are
functions of the initial phase superspace variables. These supercharges also generate the superalgebra (30) (with M=1)
and produce the Hamiltonian
Hs :=
1
2{Q,Q} = 12 k˜2I˜2 + ıθθ k˜2I˜
∂λ(I˜ ,Φ)
∂Φ
. (35)
The freedom of an arbitrary real function λ(I˜ ,Φ) leads to a variety of supersymmetric extensions of a given bosonic
system. A similar freedom (of an arbitrary holomorphic function) has been observed in two-dimensional N=4 super-
symmetric mechanics [17].
To relate to the standard N=2 supersymmetric mechanics construction (32) with W ′ = √V , we must choose
k˜ I˜(pϕ, ϕ) e
ıλ(I˜(pϕ,ϕ),Φ(pϕ,ϕ)) = pϕ + ı
√
V (ϕ), ⇔ tanλ =
√
V (ϕ)
pϕ
, (36)
where V (ϕ) is defined by (4) or (5). For odd k we find
tanλ =
α0
cosΦ
/ √
I˜2 − α20, (37)
2 The tilde indicates that the action variable has been shifted as in the previous section, depending on k being odd or even.
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while for even k the expression is more complicated. Note that λ = const yields trivial supersymmetry, with no spin
interaction. Another interesting case is λ = Φ/I˜, which produces a coordinate-independent spin-background interaction.
Applying the (super-)Liouville theorem to the supersymmetric system given by (34) and (35), we obtain
I˜s = I˜ + ıθθ
∂λ(I˜ ,Φ)
∂Φ
, Φs = Φ+ ıθθ
∂λ(I˜ ,Φ)
∂I˜
, Θ = eıλ(I˜,Φ)θ, Θ = e−ıλ(I˜,Φ)θ. (38)
As already said, the Hamiltonian in these variables is of the same form as the non-supersymmetric one, Is = 12 k˜2I˜2s .
4 Extension to two-dimensional systems
In any conformal mechanics one may separate the radial from the angular degrees of freedom. The former part is
universal, hence the such models differ only by their angular Hamiltonian systems, whose coordinates commute with
the conformal algebra so(2, 1) [18]. Such a splitting is useful for quantization [19] and the construction of superconformal
extensions [20, 18]. For N -particle Calogero models it yields a separation of one more variable beyond the center of
mass. Thus, their analysis becomes only complicated starting with N=4. For example, the angular part of the AN−1
rational Calogero model corresponds to a 12N(N−1)-center Higgs oscillator on SN−2. At N=4 its force centers are
located at the vertices of a cuboctahedron [21]. For N=3 however, the angular part of any rational Calogero model
lives merely on a circle, and it is precisely one of the dihedral systems considered in this Note.
Therefore, by adding a radial coordinate r ∈ [0,∞), we may extend our one-dimensional system to a two-dimensional
conformal mechanics with dihedral symmetry (a rational 3-particle Calogero model), defined by the SO(2, 1) generators
H0 = p
2
r
2
+
I(I˜)
r2
=
p2
2
+
k−1∑
ℓ=0
1
(aℓ · r)2 , D = prr = pr, K =
1
2r
2 = 12r
2, (39)
where aℓ run over the positive dihedral roots as before. This allows us to extend the above-established equivalence of
systems with different k-values to these two-dimensional systems. In particular, all these Calogero models are locally
equivalent to a free particle on the plane, which is in agreement with the “decoupling” transformation of the quantum
Calogero model to the free particle [22]. Furthermore, since for certain small values of k the model is based on a Lie
algebra listed in (6), we can also assert the global equivalence of the G2 model with couplings (α1, α2) to the A2 model
with coupling α0 = α1 + α2.
Since the radial motion is unbounded, the Hamiltonian (39) does non admit a formulation in terms of action-angle
variables. This complication may be avoided by adding an oscillator potential,
H = p
2
2
+
k−1∑
ℓ=0
1
(aℓ · r)2 +
ω2r2
2
=
p2r
2
+
I(I˜)
r2
+
ω2r2
2
. (40)
The confining potential allows for the application of the Liouville theorem. Thus, in order to extend the action-angle
variable formulation to the latter system, we fix the level surface of the constants of motion H and I˜ and introduce the
generating function in accordance with the expression for the symplectic one-form I˜dΦ + prdr,
S = I˜ Φ+
∫ r
r0
dr′
√
2h− 2I(I˜)
r′2
− ω2r′2 = I˜ Φ+
∫ r
r0
dr′
√
2h− (k˜I˜)2
r′2
− ω2r′2, (41)
where h is the value of the Hamiltonian H. By the standard technique, we identify the action variables as
Iang = I˜ and Irad =
h
2ω
− k˜I˜
2
(42)
and find the canonically conjugated angle variables
Φang = Φ + k˜Φrad − arcsin h−
k˜I˜
r2√
h2−k˜2
and Φrad = − arcsin h−ω2r2√
h2−(k˜I˜ω)2
. (43)
6
Equation (42) gives us the Hamiltonian in terms of action variables,
I = ω (2Irad + k˜Iang). (44)
One sees that our confined system (40) is locally equivalent to a two-dimensional anisotropic oscillator with frequencies
ωrad = ω and ωang =
1
2 k˜ω. Since the frequency ratio is rational, the trajectories on the two-torus are closed.
Finally, we note that the general approach for the construction of action-angle variables of Calogero models has been
presented in [23]. There, the action variables are associated with the Lax constants of motion. On the other hand, due
to its superintegrability, the Calogero model enjoys an additional series of constants of motion [24]. Our construction of
action-angle variables is in fact related to these additional constants of motion. In the A2 Calogero model, for instance,
the angular Hamiltonian I is a function of the Lax constants of motion as well as the Woijechowski one [21].
Conclusion
In this Note we demonstrated, on the example of the one-dimensional dihedral systems, that action-angle variables are
an effective tool for establishing the (non)equivalence of any two integrable systems.
For this purpose we gave the action-angle formulation of these one-particle systems on the circle, interacting via
the Higgs oscillator law [4], with 2k equally spaced force centers at the Coxeter root systems I2(k). We established the
local equivalence of any of their 2k branches with a free particle on the circle, as well as a global equivalence of any two
systems with keven = 2kodd upon an appropriate identification of their couplings.
Besides one particle on a circle, the dihedral systems represent also the angular part of the three-particle rational
Calogero models (after stripping off the center of mass), based on the same root systems. This fact allowed us to prove
the global equivalence of the A2 and G2 rational Calogero model as the simplest example, and qualifies the known
equivalence of the Calogero model to a free-particle system as a local one. Advancing to higher-rank models should
yield a separation of variables for rational Calogero models with more than three particles. This is highly non-trivial,
since technically it amounts to solving fourth-order algebraic equations.
The action-angle formulation is also helpful for the construction of supersymmetric extensions: due to the absence
of “interaction terms”, the supersymmetrization itself is rather trivial. The non-triviality lies in the construction of
the supercanonical transformation from the action-angle variables to the initial phase (super)space variables and vice
versa. We demonstrated how to define such a supercanonical transformation for the example of N=2 supersymmetric
mechanics. Unexpectedly, there exists a functional freedom in the supersymmetrization procedure, which yields a family
of non-equivalent supersymmetric extensions. This feature and its possible analogs in N=4 and N=8 supersymmetric
extensions of action-angle variables merit further investigation.
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Appendix: Calculation of the integral (21)
To compute the value of the definite integral in (21) we perform the substitution√
1− x2 = x t− 1 ⇔ x = 2t
1 + t2
. (45)
In this variable the integral reads
1∫
−1
−2(1− t2) dt
(1 + t2) ((1 − b)t2 − 2at+ 1− b) ((1 + b)t2 + 2at+ 1 + b) . (46)
Decomposing the integrand into partial fractions we get
1∫
−1
dt
a2 (1 + t2)
− 1
2a2(1− b)
1∫
−1
a(1 − b)t+ (1− b)2 − 2a2
t2 − 2a(1−b) t+ 1
dt+
1
2a2(1 + b)
1∫
−1
a(1 + b)t− (1 + b)2 + 2a2
t2 + 2a(1+b) t+ 1
dt. (47)
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The first integral yields π2 , while for the second and the third term we obtain respectively
− 1
2a2
√
((1− b)2 − a2) arctan (1− b)t− 1√
(1− b)2 − a2
∣∣∣∣∣
1
−1
and − 1
2a2
√
(1 + b)2 − a2) arctan (1 + b)t+ a√
(1 + b)2 − a2
∣∣∣∣∣
1
−1
. (48)
Finally, using the elementary relation
arctanx− arctan y = arctan x− y
1 + xy
, (49)
and combining all terms we arrive at
1∫
−1
dx
√
1− x2
1− (ax+ b)2 =
pi
4a2
(
2−
√
(1 − b)2 − a2 −
√
(1 + b)2 − a2
)
. (50)
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